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K- Tian $[$9$]$ ,
Donaldson $[$3$]$ Tian K- ,
.
1: $(\mathcal{M},$ $\mathcal{L})$ , $(M,$ $L)$ test conflguration
, complex variety $\mathbb{C}^{*}-$ $\pi$ : $\mathcal{M}arrow A^{1}$
$\mathcal{L}$ , 2 .
1 $)$ $(\mathcal{M}_{s},$ $\mathcal{L}_{s})\cong(M,$ $L^{\ell}),$ $s\neq 0$ .
2 $)$ $\mathcal{M}$ $\mathbb{C}*$- , $\mathcal{L}$ $\mathbb{C}^{*}$ - .
$\mathbb{C}^{*}$ $A^{1}:=\{s\in \mathbb{C}\}$ , $\mathbb{C}^{*}$ -
, . $\ell$ test
configuration $(\mathcal{M},$ $\mathcal{L})$ . direct image sheaf
$A^{1}$ $E_{m}$
$\mathcal{O}_{A^{1}}(E_{m}):=\pi_{*}\mathcal{L}^{m}$ , $m=1,2,$ $\ldots$ ,
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. $\mathbb{C}^{*}$ $(E_{m})_{0}$ ,
$\det(E_{m})_{0}$ $\mathbb{C}*$ - $w_{m}$ .
$(E_{m})_{0}$ $N_{m}$ . , $m\gg 1$
(1.1)
$N_{m}$ $=a_{n}m^{n}+a_{n-1}m^{n-1}+\cdot\cdot\cdot$ $+a_{0}$ ,
$w_{m}$ $=b_{n+1}m^{n+1}+b_{n}m^{n}+\cdots+b_{0}$ .
$a_{i},b_{j}$ $m$ . $a_{n}=\ell^{n_{C_{1}}}(L)^{n}[M]/n!$
.
(1.2) $\frac{w_{m}}{mN_{m}}=F_{0}+F_{1}m^{-1}+F_{2}m^{-2}+\ldots$
. $F_{i}=F_{i}(\mathcal{M},$ $\mathcal{L}),$ $i=0,1,2,$ $\ldots$ , $m$
$F_{1}=F_{1}(\mathcal{M},$ $\mathcal{L})$ test Configuration $(\mathcal{M},$ $\mathcal{L})$
. $(M,$ $L)$ .
2: (1) $(M,$ $L)$ K- , $F_{1}(\mathcal{M},$ $\mathcal{L})\leq 0$ $(M,$ $L)$
test configuration $(\mathcal{M}, \mathcal{L})$ .
(2) K- $(M,$ $L)$ K- , $(\mathcal{M},$ $\mathcal{L})$
, $F_{1}(\mathcal{M},$ $\mathcal{L})=0$ $A^{1}$ Complex variety $\mathcal{M}$ trivial $($
$\mathcal{M}\cong M\cross A^{1})$ .
(2) triViality . $\mathcal{M}$ $\mathbb{C}*$ -
, $M$ trivial .
Tian $K$- 1- K-enegy
, K-enegy ChOw norm
, K- $F_{i}(\mathcal{M},$ $\mathcal{L}),$ $i=1,2,$ $\ldots$ ,





1 $A^{1}$ $E_{m}$ , $A^{1}$ $z=1$
, $(E_{m})_{0},$ $(E_{m})_{1}$ . Quillen
Serre $($cf. $[$4$])$ .
1: $(E_{m})_{1}$ $H_{1}$ ,
$E_{m}$ $\mathbb{C}^{*}-$ trivialization
(2.1) $E_{m}\cong A^{1}\cross(E_{m})_{0}$
, $H_{1}$ $(E_{m})_{0}$ $H_{0}$ ,
$\mathbb{C}^{*}$ $(\cong S^{1})$ .
1 $N_{m}$ $\zeta$ $\prod:=\{\zeta^{j}$ id$(E_{m})_{0};j=1,2,$ $\ldots,$ $N_{m}\}$ .
$(E_{m})_{0}$ $\mathbb{C}*$ - $\psi_{m}$ : $\mathbb{C}^{*}arrow GL_{\mathbb{C}}((E_{m})_{0})$
$\psi_{m}^{SL}(s);=\frac{\psi_{m}(s)}{(\det\psi_{m}(s))^{1/N_{m}}}\in SL((E_{m})_{0})$ , $s\in \mathbb{C}^{*}$ ,
. $\psi_{m}^{SL}(s)$ $\prod$ .
$m\gg 1$ $\mathbb{C}^{*}-$ triVialization $($ 2. 1 $)$
$\mathcal{M}rightarrow \mathbb{P}^{*}(E_{m})=A^{1}\cross \mathbb{P}^{*}((E_{m})_{0})$
. $\mathcal{M}_{s}\subset\{S\}\cross \mathbb{P}^{*}((E_{m})_{0})\cong \mathbb{P}^{*}((E_{m})_{0})$ $\mathcal{M}_{s}$
$\mathbb{P}^{*}((E_{m})_{0})$ ,
(2.2) $\mathcal{M}_{s}=\psi_{m}^{SL}(s)\cdot \mathcal{M}_{1}$ , $s\neq 0$ ,
. $\omega_{FS}$ $\mathbb{P}^{*}((E_{m})_{0})$ Fubini-Study .
$\mathbb{P}^{*}((E_{m})_{0})$ $\mathcal{M}_{1}(=M)$ $\ell c_{1}(L)_{\mathbb{R}}$
K\"ahler $\mathcal{K}$ , K-energy $\kappa$ : $\mathcal{K}arrow \mathbb{R}$
(2.3) $\nu(t);=\kappa(\psi_{m}^{SL}(s)^{*}(m^{-1}\omega_{FS|\mathcal{M}_{s}}))$ , $t\in \mathbb{R}$ ,
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. $s=e^{t}$ $\dot{\nu}(t):=(d/dt)\nu(t)$ . Tian
$L=K_{M}^{-1}$ , $($ cf. $[$9$])$
(2.4) $\tilde{F}_{1}(\mathcal{M}, \mathcal{L});=$ $\lim\dot{\nu}(s)$
$sarrow-\infty$
. $(M, L)$ , test ConfigUration $(\mathcal{M}, \mathcal{L})$
$\tilde{F}_{1}(\mathcal{M},$ $\mathcal{L})\leq 0$ , $(M,$ $L)$ Tian $K-$
. , K- $(M, L)$ Tian
K- $($ cf. $[$9$])$ , $(\mathcal{M},$ $\mathcal{L})$ , $\tilde{F}_{1}(\mathcal{M},$ $\mathcal{L})=0$
, $A^{1}$ complex variety $\mathcal{M}$ ( )
trivial .
3 The Chow norm
$M$ $n$ , $\mathcal{M}_{1}=M$ $\mathbb{P}^{*}((E_{m})_{1})$
$d$ . $(2.1)$ $\mathbb{C}^{*}-$ trivialization
(3.1) $(E_{m})_{1}\cong(E_{m})_{0}$
$\mathbb{C}^{*}-$ . $(E_{m})_{0}$ , 2




. $W_{m}^{*}$ $W_{m}$ $G_{m}:=$ SL $((E_{m})_{0}))$
$W_{m}^{*}$ . , $($ 3.1 $)$ $M$
$\mathbb{P}^{*}((E_{m})_{0})$ :
$(3\cdot 2)$ $M\subset \mathbb{P}^{*}((E_{m})_{1})=\mathbb{P}^{*}((E_{m})_{0})$ .
32
$M$ , $W_{m}^{*}$ $\hat{M}\neq 0$ , $[\hat{M}]\in \mathbb{P}^{*}(W_{m})$
, $\mathbb{P}^{*}((E_{m})_{0})$ $M$ Chow point
$W_{m}^{*}$ Chow norm $($Zhang $[10]$ $)$
$(3\cdot 3)$ $W_{m}^{*}\ni W\mapsto\gamma(W);=\Vert w\Vert_{CH(H_{0})}\in \mathbb{R}\geq 0$
$G_{m}\cdot\hat{M}$
$\gamma$ : $G_{m}\cdot\hat{M}arrow \mathbb{R}\geq 0$ .
$\gamma$ , $G_{m}\cdot\hat{M}$ $W_{m}^{*}$ $(M, L^{\ell m})$
Chow . . $g\in G_{m}$ ,
$g$
$\hat{M}$
$\gamma$ $g^{*}\omega_{FS}$ balanced (
$m$ ) .
$s=e^{t}$ , ,
$(3\cdot 4)$ $\nu_{m}(t);=\log\gamma(\psi_{m}^{SL}(s)\cdot\hat{M})$ , $s\in \mathbb{R}$ ,
, Tian
K- $\nu$ ,
, $\nu$ $K$-energy , $\nu_{m}$
Chow norm .
4
$\check{}$ ( [7] ) .
: $\lim\dot{\nu}_{m}(S)=(n+1)\downarrow a_{n}(F_{1}m^{n}+F_{2}m^{n-1}+Fsm^{n-2}+\ldots)$ .
$sarrow$






I $\tilde{S}$ $\tilde{s}^{N_{m}}=S$ , $\mathbb{C}^{*}\ni\tilde{S}\mapsto s\in \mathbb{C}^{*}$
. $\tilde{\psi}_{m}$ : $\mathbb{C}^{*}arrow$ SL $((E_{m})_{0})$
(4.1) $\tilde{\psi}_{m}(\tilde{s});=\underline{\psi_{m}(s)}$ $\tilde{s}\in \mathbb{C}^{*}$ ,
$\det\psi_{m}(\tilde{s})$
’
$\tilde{\psi}_{m}(\tilde{s})$ $\psi_{m}^{SL}(s)$ $\Pi$ .
$\mathbb{C}^{*}$ $(E_{m})_{0}$ . $\mathbb{C}*$ - , $\mathbb{P}^{*}((E_{m})_{0})$
$\mathcal{M}0$ ( ) , Chow
point $[\hat{\mathcal{M}}_{0}]\in \mathbb{P}^{*}(W_{m})$ . , $q_{m}$
(4.2) $\tilde{\psi}_{m}(\tilde{s})\cdot\hat{\mathcal{M}}_{0}=\tilde{s}^{q_{m}}\hat{\mathcal{M}}_{0}\cdot$
$\mathbb{C}*$ - , $r$ # $\hat{M}\in W_{m}^{*}$
$\Sigma rj=1^{W}J$ , $0\neq w_{j}\in \mathcal{W}_{m}^{*}$
(4.3) $\tilde{\psi}_{m}(\tilde{S})\cdot Wj=\tilde{S}^{\beta_{j}}Wj$ ’ $\tilde{S}\in \mathbb{C}^{*}$ ,
. $\beta_{j}$ $\beta_{1}<\beta_{2}<\cdots<\beta_{r}$ .
$\hat{\mathcal{M}}_{0}=w_{1}$ , $0<\tilde{S}\ll 1$ $\tilde{s}\in \mathbb{R}$
(4.4) $\tilde{\psi}_{m}(\tilde{s})\cdot\hat{M}=\tilde{S}^{\beta_{1}}(\hat{\mathcal{M}}_{0}+O(|\hat{s}|))$ .
$($4.3 $)$ $j=1$ $w_{1}=\hat{\mathcal{M}}_{0}$ , $($4.2 $)$
$\beta_{1}=q_{m}$ . $($4.4 $)$
$\psi_{m}^{SL}(s)\cdot\hat{M}=s^{q_{m}/N_{m}}(\hat{\mathcal{M}}_{0}+O(|\hat{s}|))$
$\Pi$ . $s=e^{t}$ $($3.4 $)$









, $\det(E_{km})_{0}$ $\mathbb{C}*$- , $m\gg 1$
Mumford $[6]$
$(4\cdot 6)$ $Pk=- \frac{q_{m}}{(n+1)!}k^{n+1}+O(k^{n})$ .
$\tilde{\psi}_{m}(\tilde{s})$ $\psi_{m}^{SL}(s)$ $\Pi$ , $(4\cdot 1)$ ,
$\tilde{S}$ $\tilde{\psi}_{m}(\tilde{S})$ , $\psi_{m}(S)$ $(E_{m})_{0}$
$(\det\psi_{m}(\tilde{S}))^{-1}$ . $m\gg 1$
$(4\cdot 7)$ $S^{k}((E_{m})_{0})arrow(E_{km})_{0}$
, $\psi_{m}(\tilde{S})$ $(E_{km})_{0}$ $\psi_{km}(\tilde{S})$
, $Pk$ ( $\tilde{s}$ )
(4.8) $N_{m}w_{km}$ .
.
$(\det\psi_{m}(\tilde{S}))^{-1}=\tilde{S}^{-w_{m}}$ , $($4.7$)$ ,
$(E_{km})_{0}$ $\tilde{s}^{-kw_{m}}$ , $(E_{km})_{0}$ $N_{km}$ ,
$\det(E_{km})_{0}$ $p_{k}$
$(4\cdot 9)$ $-kw_{m}N_{km}$ .
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$(M,$ $L)$ , $Pc_{1}(L)_{\mathbb{R}}$ $\omega$ ,
$L$ $h$ $\omega=\ell c_{1}(L;h)_{R}$ . ,
$(E_{m})_{1}=H^{0}(M,$ $\mathcal{O}(L^{m\ell}))$ $H($ $)$
$H(h)( \sigma, \tau);=\int_{M}(\sigma, \tau)_{h}\omega^{n}\in \mathbb{C}$, $\sigma,$ $\tau\in(E_{m})_{1}$ ,
. $($ , $)h$ , $L^{m\ell}$ $h$ fiberWiSe
. $H$ ( ) $(E_{m})_{1}$ $\{\sigma_{1},$ $\sigma_{2},$ $\ldots,$ $\sigma_{N_{m}}\}$
$B_{m}( \omega):=\frac{n!}{m^{n}}\sum^{m}^{N}(\sigma_{i}, \sigma_{i})_{h}$
$i=1$




, Aut $(M,$ $L)$ .
DonaldSon $[$2$]$ $m\gg 1$ $(M,$ $L^{m\ell})$ Chow
$B(\omega_{m})$ balanced $\omega_{m}$ $\ell c_{1}(L)_{\mathbb{R}}$
. balanced $($ Fubini-Study
$g$
$\hat{M}$ ) Chow norm





, 4 $p_{1}\leq 0$ . $(M,$ $L)$ $K-$
. , $F_{1}<0$
, $(M,$ $L)$ K- .
Aut$(M,$ $L)$ K- . $([5]$ .
K- $K-$
$[$ 1 $]$ , $[$4$]$ , $[$8$]$ . )
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